Muonium (M = µ + e − ) bound state effects are shown to decrease the muon decay rate by a factor of 1 − 5α 2 m e /m µ = 0.9999987. That small 1.3 ppm shift is near the sensitivity of proposed muon lifetime measurements. The annihilation rate Γ(M → ν eνµ ) is also computed and found to be ≃ 6.6 × 10 −12 Γ(µ + → e + ν eνµ ). Other potential medium effects on stopped muon decay are briefly discussed.
The muon lifetime, τ µ , is very well measured. Its current world average [1] (1 + R.C.),
where R.C. stands for QED radiative corrections to muon decay as calculated in an effective local V-A theory. Other standard model electroweak loop corrections as well as possible "new physics" effects are absorbed in G µ . The R.C. in (2) have been computed [2] [3] [4] [5] through O(α 2 ) and higher order logs have been obtained using the renormalization group [6] . Altogether, one finds [7, 8] R.C. = α 2π
where C corresponds to unknown non-logarithmic O(α 3 /π 3 ) corrections which are assumed to be insignificant. Employing (1, 2, 3) leads to
The Fermi constant can be compared with other precise measurements such as α, m Z , sin 2 θ W , m W , etc., and used to test the consistency of the Standard Model at the quantum loop level. For example,
where ∆r ≃ 0.0358 represents calculable electroweak radiative correction [9] . In that role, G µ helped predict the top quark's mass before its discovery and currently constrains the Higgs mass to relatively low preferred values m H < ∼ 220 GeV. In addition, it provides a sensitive probe of "new physics" such as SUSY, Technicolor, Extra Dimensions etc. [7] .
Recently, there have been several proposals [10] [11] [12] to further improve the measurement of τ µ (and thereby G µ ) by as much as a factor of 20, bringing its uncertainty down to an incredible ±1 ppm. Of course, such an improvement can only by fully utilized if the other electroweak parameters with which it is compared reach a similar level of precision and radiative corrections to their relationship are computed at least through 2 loops. Those advances appear unlikely in the foreseeable future. Nevertheless, given the fundamental nature and importance of G µ , such efforts should be strongly encouraged and pushed as far as possible. In that spirit, we examine in this paper several theoretical concerns that must be addressed in any ±1 ppm study of τ µ .
Precision muon lifetime experiments involve stopping µ + in material. At some level, the medium in which it comes to rest will affect the muon decay rate. The most straightforward issue to consider is the formation of muonium (M = µ + e − ) and the bound state effect on τ µ . The actual fraction of stopped µ + that form muonium and decay while in that bound state is very medium dependent. It can range from a small fraction in metals to nearly 100% in some materials. If a significant modification of τ µ occurred in muonium, a correction would have to be applied. For example, a published study [13] has claimed a 0.999516 reduction factor for the bound state decay rate. Such a large −484 ppm shift would be difficult to correct for at the ±1 ppm level unless the muonium formation fraction was very precisely known. It would also impact the interpretation of existing τ µ measurements [14] and might indicate the possibility of other large medium effects.
Given its potential importance, we have reexamined the muonium bound state effect on the muon lifetime. As we shall show, the leading correction turns out to be small O(α 2 m e /m µ ) and remarkably simple to calculate. We begin by recalling some basic properties of muonium. It is a µ + e − Coulombic bound state with hydrogenic features. The reduced mass
is slightly below the electron mass, but the difference is inconsequential for the considerations here and can be neglected. The energy levels are given by
For the n = 1 ground state the virial theorem tells us that the average (electron) kinetic energy is
while the average bound state potential energy is
Also, the n = 1 (electron) momentum distribution is given by [15] 
It peaks at p 2 = α 2 m 2 /3 which is somewhat below the average p 2 = α 2 m 2 . In that configuration the e − and µ + have average velocities β e ≃ α = 1/137, β µ ≃ αm e /m µ . Of course, (9) represents a non-relativistic approximation and should not be used indiscriminately for large p. In fig. 1 , we display the (electron) kinetic energy probability distribution corresponding to (9) .
Muonium bound state corrections to the muon decay rate must vanish as α or m e → 0. There are no O(αm e /m µ ) corrections, instead the leading effect is O(α 2 m e /m µ ). That correction arises because the available decay energy of the bound muon is reduced below m µ . Such an effect can be simply accounted for by the replacement [16] 
where V is given by (8 (11) or to a lifetime relation
Our 1.3 ppm decay rate reduction is nearly 400 times smaller than a previous claim [13] and just at the sensitivity limit of proposed future experiments. It can be reliably used to correct the measured muon lifetime in muonium.
In the case of muonium, the bound state can also decay via annihilation (i.e. electron capture), M → ν eνµ . We have computed that rate for the n = 1 ground state and find [18, 19] 
That rate is much too small to affect muon lifetime measurements, even at the 1 ppm level. Our result is in accord with the more general analysis of Ref. [20] .
Our prescription for computing the leading muonium bound state correction provides a simple procedure for estimating other stopping medium effects on the muon lifetime [21] . One replaces m µ by m µ + V where V is the average electromagnetic potential of the muon in its surroundings. The decay rate is then reduced by a factor 1 + 5 V /m µ for | V | ≪ m µ . So, for example, in metals where stopped µ + do not generally form muonium [22, 23] , the muon decay rate is still reduced. Conduction band electrons screen the µ + charge with local densities which may in fact not be so different than the orbital electron density of muonium. If that is the case, the screening potential will be similar to (8) and roughly a 1 ppm muon decay rate reduction will result. (Generally, the screening in metals results in a smaller potential (in magnitude) than in muonium.) Other materials may exhibit even smaller µ + potentials which give rise to much less than a 1 ppm reduction. For example, a stopped µ + in Helium would experience very little screening because the electron binding in Helium is stronger than muonium. In some materials | V | for a stopped µ + may be somewhat larger than muonium; however, we have not examined that possibility.
Other long distance medium effects such as radiation damping [24] , outer bremsstrahlung, Cerenkov radiation [25] , etc., can modify the spectrum of final muon decay products but should not directly impact the muon lifetime. (Rearrangement of the spectrum would not influence lifetime measurements in counting experiments.) They may, however, indirectly affect τ µ through V , e.g. the properties of screening conduction electrons in metals will be dependent on qualities such as the dielectric constant of the medium. In most cases, we expect such effects to remain small; but each situation should be separately scrutinized.
In summary, we have found that the lifetime of muons in muonium is about 1.3 ppm longer than than that of free muons. The main effect comes from replacing m µ by m µ + V in the decay rate formula, where V is the average electromagnetic potential of the µ + e − system. A similar analysis can approximate other medium effects if V is known. In general, such corrections are likely to be near or below the ±1 ppm goal of proposed experiments.
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